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quadrature c o e f f i c i e n t  
l o c a l  chord 
r a t e  of change of hinge moment coe f f i c i en t  wi th  f l a p  d e f l e c t i o n  angle 
measured a t  c1 = 0' 
rate of change of r o l l i n g  moment c o e f f i c i e n t  wi th  f l a p  d e f l e c t i o n  
angle measured a t  c1 = Oo 
rate of change of lift coef f ic ien t  wi th  f l a p  d e f l e c t i o n  angle mea- 
sured  a t  c1 = Oo 
change i n  s e c t i o n  lift coe f f i c i en t  due t o  f l a p  d e f l e c t i o n  
change i n  o v e r a l l  lift c o e f f i c i e n t  due t o  f l a p  d e f l e c t i o n  
d i f f e r e n t i a l  p ressure  c o e f f i c i e n t  
complete e l l i p t i c  i n t e g r a l  of t h e  second kind wi th  parameter m 
func t ion  t h a t  need not b e  p rec i se ly  defined f o r  t h e  purpose of t h e  
s e c t i o n  i n  which it i s  used 
chordwise pressure mode 
number of s t a t i o n s  used i n  performing a numerical i n t e g r a t i o n  
complete e l l i p t i c  i n t e g r a l  of t he  f i r s t  kind wi th  parameter m 
Mach number; a l s o  an i n t e g e r  represent ing  t h e  number of i n t e g r a t i o n  
po in t s  used i n  some p a r t i c u l a r  numerical quadrature 
number of chordwise con t ro l  points 
p o s i t i o n  of t h e  hinge l i n e  or i t s  ex tens ion  measured r e l a t i v e  t o  t h e  
50-percent chord l i n e  and made dimensionless by t h e  l o c a l  semi- 
chord; -1 < xc < +1 
streamwise s lope  of t h e  wing mean camber su r face  
4i7-Z 
d i f f e rence  or an e r r o r  or a control su r f ace  d e f l e c t i o n  angle 
cons tan t  used t o  c o n t r o l  t h e  o v e r a l l  accuracy of t h e  chordwise 
i n t e g r a t i o n s  
iii 
quant i ty  meant t o  be a cons tan t  or t o  sh r ink  t o  zero i n  some process 
spanwise pos i t i ons  of t h e  f l a p  s i d e  edges In2  I 2 I n 1  I and n 2  > 0 
sdeep angle of t h e  con t ro l  su r f ace  hinge l i n e  
coordinates made dimensionless by t h e  semispan, s ee  f igu re  1 (primes 
a r e  used when t h e  coordinate i s  an i n t e g r a t i o n  v a r i a b l e )  
symbol implying p ropor t iona l i t y  
Subscr ip ts  
cont ro l  sur face  or f l a p  
p a r t i c u l a r  spanwise s t a t i o n  
leading edge 
t r a i l i n g  edge 
i v  
STEADY, SUBSONIC, LIFTING SURFACE THEORY FOR WINGS WITH 
SWEPT, PARTIAL SPAN, TRAILING EDGE CONTROL SURFACES 
Richard T. Medan 
Ames Research Center 
SUMMARY 
A method f o r  computing t h e  l i f t i n g  pressure d i s t r i b u t i o n  on a wing with 
p a r t i a l  span, swept cont ro l  surfaces  i s  presented. This method i s  v a l i d  wi th in  
the  framework of l i n e a r i z e d ,  s teady,  po ten t i a l  flow theory and cons i s t s  of 
using conventional l i f t i n g  sur face  theory i n  conjunction with a f l a p  pressure  
mode. The cause of a numerical i n s t a b i l i t y  t h a t  can occur during t h e  quadra- 
t u r e  of t h e  f l a p  pressure  mode i s  discussed and an e f f i c i e n t  technique t o  elim- 
i n a t e  t h e  i n s t a b i l i t y  i s  derived. This technique i s  v a l i d  f o r  both t h e  f l a p  
pressure  mode and regular  pressure  modes and could be used t o  improve e x i s t i n g  
l i f t i n g  sur face  methods. Examples of t h e  use of t h e  f l a p  pressure  mode and 
comparisons among t h i s  method, o the r  t h e o r e t i c a l  methods, and experiments a r e  
given. Discrepancies with experiment are indicated and candidate Causes a r e  
presented. It i s  concluded t h a t  t h e  method can l ead  t o  an e f f i c i e n t  and accu- 
r a t e  so lu t ion  of t h e  mathematical problem when a p a r t i a l  span, t r a i l i n g  edge 
f l a p  is  involved. 
INTRODUCTION 
Linear ized,  subsonic l i f t i n g  sur face  theory f o r  p red ic t ing  l i f t i n g  pres- 
su re  d i s t r i b u t i o n s  and t h e  assoc ia ted  loads and moments on wings having arb i -  
t r a r y  planform and smooth sur face  s lope  d i s t r ibu t ions  has 'been w e l l  developed. 
This i s  not t h e  case f o r  wings having surface s lope  d i s c o n t i n u i t i e s ,  however. 
Various methods f o r  so lv ing  t h e  cont ro l  surface problem have been devised, bu t  
a l l  seem t o  possess inadequacies t h a t  result from not accura te ly  por t ray ing  t h e  
pressure  d i s t r i b u t i o n  near  t h e  corner and at  t h e  s i d e  edges of t h e  con t ro l  sur- 
face.  Landahl (ref. 1) has determined t h e  form and s t rength  of t h e  s ingu la r  
p a r t s  of t h e  pressure  d i s t r i b u t i o n .  This report  w i l l  show how h i s  r e s u l t s ,  
s u i t a b l y  modified f o r  a swept f l a p  and spec ia l ized  t o  t h e  s teady case,  were 
incorporated i n t o  an e x i s t i n g  l i f t i n g  surface theory.  
be e a s i l y  incorporated i n t o  l i f t i n g  surface methods based on t h e  t h e o r i e s  of 
Multhopp ( r e f .  2 ) ,  Truckenbrodt ( r e f .  3 ) ,  and Hsu and Weather i l l  ( r e f .  4) .  
Furthermore, t h e  methods used here in  ind ica te  how t h e  accuracy and e f f i c i e n c y  
of e x i s t i n g ,  conventional l i r t i n g  surface methods can be improved. 
These r e s u l t s  can a l s o  
BASIC APPROACH 
(see f i g .  1). This equat ion i s  t h e  
mathematical expression of t h e  f a c t  
t h a t  t h e  wing i s  represented  by a dis-  
t r i b u t i o n  of s emi in f in i t e  l i n e  doub- 
l e t s  wi th  s t r eng ths  propor t iona l  t o  
ACp and wi th  t h e i r  end po in t s  placed on t h e  wing and at  downstream i n f i n i t y  
(see r e f .  5 f o r  a de r iva t ion ) .  I n  t h e  
ana lys i s  problem, a ( S , r l )  i s  given and 
A C p ( S ' , n ' )  must be  determined. The 
l i m i t  and d i f f e r e n t i a t i o n  processes  
can be interchanged with t h e  in tegra-  
t i o n  i f  s p e c i a l  procedures are 
),Hinge extens'On 
, constant % chord 
E observed when t h e  in t eg ra t ions  are 
Figure 1.- Def in i t ion  of coordinate  performed. Thus t h e  i n t e g r a l  equat ion 
sys  tern. i s  usua l ly  w r i t t e n  as 
(The cross on t h e  i n t e g r a l  s i g n  symbolical ly  designates  these  procedures. 
The method f o r  so lv ing  t h i s  i n t e g r a l  equat ion f o r  a wing of arbitrary 
planform is t o  f i r s t  express t h e  unknown 
t i o n s  w i t h  unknown coe f f i c i en t s .  The fhnctions genera l ly  used are obtained 
convenient expansion, based on t h e  t h e o r i e s  of Multhopp and Truckenbrodt, i s  
t h a t  used by Wagner ( re f .  6 ) :  
A C p ( C ' , q l )  i n  terms of  known func- 
, from a considerat ion of two-dimensional a i r f o i l  and l i f t i n g  l i n e  t h e o r i e s .  A 
n= 1 
2 
The prescr ibed  funct ions 
are comprised of t h e  familiar co t  4 / 2 ,  s i n  4 ,  s i n  24,  . . ., t e r m s .  The fn  
terms are s t i l l  unknown, but  can be prescr ibed i n  terms of  known funct ions 
(which o r ig ina t ed  from l i f t i n g  l i n e  theory)  with unknown c o e f f i c i e n t s  by the  
use of Multhopp's i n t e r p o l a t i o n  formula: 
M 
hn are taken f rom two-dimensional a i r f o i l  theory and 
where 
f = fn(llm) 
Sm(rl') = 
Note t h a t  
i n t o  ( 3 )  l eads  t o  
%(TI') i s  not singu 
m.rr 
m M + 1  COS e = COS -
( - l )m+ls in  8 m s i n [  (M+1)8 '  1 
(M+1) (q '-qm) 
ar ( f i g .  2 ) .  S u b s t i t u t i n g  eql 
N 14 
t i o n s  (4) t o  ( 6 )  
and 
2b "Prim ( E ' ,  r l ' )  = hn(5 ' )Sm(n ' )  
( 9 )  
The f i n a l  s t e p  i n  t h e  b a s i c  so lu t ion  
i s  t o  determine t h e  unknowns, fnm, by 
enforcing equation ( 7 )  a t  a set  of 
s e l ec t ed  c o n t r o l  po in t s  on t h e  wing 
-.2 - ( c o l l o c a t i o n ) .  
-.4 ' I I I /  The am's are c a l l e d  downwash 
74 73 7 2  l o  modes (or r egu la r  downwash modes). -10 7 5  
7 
Because of t h e  p a r t i c u l a r  choices f o r  
t h e  pressure  modes given i n  equation 
( g ) ,  t h e  r e s u l t i n g  downwash modes are 
Figure 2 . -  Multhopp i n t e r p o l a t i o n  
function of equat ion (6) for = 
and m = 2 .  
3 
smooth functions (except a t  spanwise s t a t i o n s  where 
d i f f e ren t i ab le ) .  
represent  the discontinuous 
c ( n ' )  i s  not continuous o r  
A moderate number of such downwash modes i s  inadequate t o  
a ( S , n )  which would occur f o r  a wing having a 
def lec ted  cont ro l  surface.  
4, 
2 3 1  i\ 
P 
a 
Figure 3 . -  Dis t r ibu t ion  of t he  f l a p  
mode of  pressure  on an aspect  
ra t io  2 rec tangular  wing with a 
s ingle  f l a p ;  hinge l i n e  a t  
5 = 0.65 and edges a t  T-I = 0 
and = 0.5 .  
The most obvious method 0-f hand- 
l i n g  a discontinuous a ( t , ~ )  i s  t o  use 
t h e  r e s u l t s  of two-dimensional a i r f o i l  
theory f o r  a s e c t i o n  with a f l a p  ( r e f .  
7)  and l i f t i n g  l i n e  theory f o r  a dis- 
continuous downwash d i s t r i b u t i o n  ( r e f .  
8 )  t o  obta in  an addi t iona l  ( f l a p )  
pressure  mode i n  t h e  form of  equation 
(4). 
however, t h a t  such a pressure mode 
cannot be made t o  r e l i a b l y  represent  
t he  p a r t i a l  span f l a p ,  and t h a t  pres- 
su re  modes developed from three-  
dimensional theory a r e  needed. 
Landahl ( r e f .  1) developed such a 
pressure mode ( f i g .  3 )  f o r  an unswept 
f l ap .  He a l s o  showed t h a t  t h e  pres- 
sure  mode produces a downwash mode 
with exac t ly  t h e  required discontinu- 
i t y  a t  t h e  lead ing  and s i d e  edges of 
It w a s  concluded i n  reference 9 ,  
t he  f l a p ,  except possibly near  t h e  t r a i l i n g  edge. It has been determined t h a t  
t he  pressure mode w i l l  produce t h e  co r rec t  d i scon t inu i ty  a t  t he  t r a i l i n g  edge 
a l so .  However, only t h e  s t r eng th  of t h e  s ingu la r  p a r t  of t h e  pressure  w a s  
determined by Landahl and a r e s i d u a l  p a r t  remains t o  b e  determined. It i s  
apparent then t h a t  t h e  pressure  mode need not contain any unknown elements nor 
be  involved i n  a co l loca t ion  procedure. 
Landahl's r e s u l t  i s  qu i t e  simple. 
symbolically denoted by 
The proper manner i n  which t o  employ 
Let t h e  i n t e g r a l  equation (eq. ( 3 ) )  be 
a = A C  + K  
P 
Now l e t  ACp = ACp + AC - AC then  
Pf Pf ' 
a = A C  + K + ( A C  - A C  ) * K  
Pf P Pf 
= a  + ( A C  - A C  ) + K  
f P Pf 
o r  
a - a  = ( A C  - A C  ) * K  
f P Pf 
The term af can be ca lcu la ted  s ince  AC i s  a known m e t i o n  and s ince  a 
i s  given,  a-af (which could be termed a r e s i d u a l  downwash) i s  completely known. 
The res idua l  pressure d i s t r i b u t i o n ,  AC -AC i s  unknown, bu t  s ince  a-a i s  
continuous (although it may not be d i f f e r e n t i a b l e  at  a f l a p  edge) ,  AC -AC 
4 
Pf 
P Pf '  f 
P Pf 
should be  s u f f i c i e n t l y  smooth t h a t  it may be expanded i n  t h e  r egu la r  pressure  
modes. 
l i f t i n g  sur face  program, and t h e  f i n a l  pressure d i s t r i b u t i o n  i s  given merely by 
adding t h e  f l a p  pressure  mode t o  t h e  res idua l  pressures.  This i s  b a s i c a l l y  t h e  
method followed here .  The most d i f f i c u l t  par t  w a s  t h e  numerical i n t e g r a t i o n  
procedure used t o  c a l c u l a t e  t he  f l a p  downwash d i s t r i b u t i o n  e f f i c i e n t l y  and 
accura te ly  . 
Consequently, t h e  r e s i d u a l  pressure may be  determined wi th  ,an e x i s t i n g  
The procedures used are discussed i n  the next s e c t i o n  i n  s u f f i c i e n t  gen- 
e r a l i t y  t h a t  they  may be  used t o  compute the downwash caused by any pressure  
mode. 
A. 
The a c t u a l  form of t h e  f l a p  pressure mode used i s  d iscussed  i n  appendix 
BASIC INTEGRATION PROCEDURE 
It w a s  necessary t o  adopt an optimized quadrature procedure f o r  t h e  f l a p  
pressure  mode f o r  t h e  following reasons: 
(1) Evaluat ing t h e  f l a p  pressure  mode a t  a s i n g l e ,  given po in t  i s  more 
( 2 )  The pressure  i s  logar i thmica l ly  s ingu la r  at  t h e  hinge l i n e .  
(3 )  More spanwise i n t e g r a t i o n  po in t s  are needed than  f o r  regular pressure  
d i f f i c u l t  t han  f o r  t h e  r egu la r  pressure  modes. 
n e c e s s i t a t e s  an increased  number of chordwise quadrature poin ts .  
modes and, due t o  t h e  second-order s i n g u l a r i t y  i n  t h e  spanwise i n t e g r a l ,  t h e  
number of chordwise i n t e g r a t i o n  po in t s  must b e  increased simultaneously. 
Therefore,  i f  t h e  number of spanwise in t eg ra t ion  poin ts  were doubled, t h e  t o t a l  
number of i n t e g r a t i o n  po in t s  should be  more than  doubled (approximately 
t r i p l e d ) .  
( 4 )  The f l a p  pressure  i s  not i n  a separated form s ince  it was der ived  from 
a three-dimensional ana lys i s .  
c a l c u l a t e d  d i r e c t l y  and cannot be represented as a simple product of previously 
c a l c u l a t e d  and s t o r e d  va lues ,  t h a t  i s ,  t h e  matr ix  of t h e  f l a p  pressure  mode 
values i s  not t h e  outer  product of two vectors as it i s  f o r  t h e  r egu la r  
p re s su re  modes. 
t h e  f l a p  pressure  mode i s  much g r e a t e r  than f o r  a regular  p re s su re  mode and 
t h e r e f o r e  more e f f i c i e n t  quadrature procedures a r e  des i r ab le .  
This 
Therefore, the pressure  a t  each po in t  must be  
Consequently, t h e  time required t o  perform a c a l c u l a t i o n  f o r  
To b e s t  expla in  these  procedures, consider f irst  t h e  spanwise in t eg ra t ion .  
The f l a p  downwash mode or any r egu la r  downwash mode can be manipulated i n t o  t h e  
following form: 
where 
been performed and may conta in  some e r r o r .  
t i o n  (10)  may b e  performed by various methods; t h e  one used i n  t h i s  r e p o r t  i s  
from Multhopp ( r e f .  2;  s e e  appendix B a l so) ,  b u t  t h e  genera l  procedure for 
Gf i s  t h e  r e s u l t  of a chordwise numerical i n t e g r a t i o n  t h a t  has a l ready  
The i n t e g r a t i o n  ind ica t ed  by equa- 
5 
obtaining an e f f i c i e n t  method would be  similar f o r  o the r  choices of t h e  span- 
wise in t eg ra t ion  technique. From re fe rence  2 ,  t h e  following approximation i s  





' j - J + l  
If r( i s  r e s t r i c t e d  t o  
VlT n = cos - J + 1  
where v is  some i n t e g e r ,  then  t h e  expression f o r  b (11) i s  
j 
- s in  0 
Iv-j I odd 
0 , otherwise 
b j ( n )  = 
Nonzero values of b j ( n )  f o r  various choices of J 
Note t h a t  t h e  c o e f f i c i e n t s  become very l a r g e  f o r  t h e  i n t e g r a t i o n  s t a t i o n s  
nea res t  n . 
are given i n  f i g u r e  4. 
qonsider t h e  app l i ca t ion  of equations (11) and (12) f o r  n = 0 :  
(12) 
R e c a l l  t h a t  Gf i s  t h e  r e s u l t  of a chordwise i n t e g r a t i o n  sub jec t  t o  some 
e r r o r  and  assume, f o r  i l l u s t r a t i o n ,  t h a t  it i s  c a l c u l a t e d  exac t ly  a t  a l l  
except j = v-1, where t h e  magnitude of t h e  e r r o r  i s  
nj 
6Gf .  
Then t h e  magnitude of t h e  e r r o r  i n  computing cxf i s  
- s i n  0 - v- 1 
(J+1) (nVel ) 2  6Gf 
&af - 
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Figure 4 . -  Quadrature coe f f i c i en t s  f o r  
t he  downwash i n t e g r a l  r) = 0. 
(13) 
Thus, by increas ing  J ,  t h e  value 
obtained f o r  
verge t o  t h e  cor rec t  answer, b u t ,  on 
the contrary,  diverges from it. 
cf(5,O) does got. cog- 
A good example of  t h i s  type of 
i n s t a b i l i t y  i s  given by Rowe ( r e f .  
10). He ca lcu la ted  t h e  l i f t - c u r v e  
s lope of a square wing using var ious 
numbers of chordwise and spanwise 
in t eg ra t ion  points .  
chordwise poin ts  and increased t h e  
number of  spanwise po in t s  beyond 12 ,  
h i s  r e s u l t s  diverged, whereas wi th  13 
chordwise points  t h e  results were 
s t a b l e  when the  number of spanwise 
points  w a s  increased t o  16. 
had continued increas ing  t h e  number 
of spanwise in t eg ra t ion  s t a t i o n s  
without increas ing  t h e  number of 
chordwise po in t s ,  however, h i s  
r e s u l t s  would have again become 
unstable.  
When he  used 4 
If Rowe 
If follows from t h e  discussion 
r e l a t i n g  t o  equation (13) t h a t ,  t o  
guarantee convergence, t h e  chordwise 
in t eg ra t ion  t h a t  determined Gf 
should use enough po in t s  so t h a t  
where P i s  a constant g rea t e r  than  1 ( a  value of 2 i s  used h e r e ) .  
I n  e f f e c t ,  equation ( 1 4 )  i s  s a t i s f i e d t y p i c a l l y  by s e l e c t i n g  t h e  l a r g e s t  
value of J l i k e l y  t o  b e  used (o r  some equivalent t o  J i f  a quadrature r u l e  
o ther  t han  t h a t  given by eqs. (11) t o  ( 1 2 )  i s  employed) and then  using enough 
chordwise quadrature poin ts  t o  ensure an acceptably accurate  r e s u l t .  
obvious drawback t o  t h i s  approach i s  t h a t  i f  a smaller  value of J were used, 
more chordwise po in t s  would be  used than  necessary. Another, and more impor- 
t a n t ,  drawback i s  t h a t  ac tua l ly  determining t h e  number of chordwise poin ts  t o  
use r equ i r e s  considerable  experimentation even f o r  t h e  regular  pressure  modes. 
(An example of  t h i s  i s  provided i n  appendix B ,  f i g u r e  1 of r e f .  11. Since t h e  
f l a p -  pressure  mode contains  add i t iona l  parameters, such experimentation w a s  not 
considered p r a c t i c a l .  
i n t e g r a t i o n  poin ts  was  needed. 
An 
Another method f o r  determining t h e  number of chordwise 
7 
The method used i s  as follows: The chordwise i n t e g r a t i o n  i s  performed 
repeatedly with an increas ing  number of  po in t s  and t h e  d i f fe rence  obtained wi th  
each increase i s  compared u n t i l  it i s  less  than  some prescr ibed  value,  6 .  The 
difference i s  approximately propor t iona l  t o  t h e  a c t u a l  e r r o r  (when i s  
very small t h i s  i s  not always t r u e  and add i t iona l  considerat ions are necessary) .  
Consequently, t h e  a c t u a l  e r r o r  can be  con t ro l l ed  by spec i fy ing  6 .  This proce- 
dure would b e  i n e f f i c i e n t  except t h a t  it i s  poss ib le  t o  nes t  t h e  quadrature 
r u l e s  so  t h a t  t h e  number o f  a r i thmet ic  computations performed i s  only s l i g h t l y  
g r e a t e r  than t h e  number t h a t  would have been performed i f  t h e  computation had 
been done only with t h e  f i n a l  number of i n t e g r a t i o n  poin ts .  
chordwise i n t e g r a l s ,  which can be  put  i n  t h e  following form: 
I TI-TI' I 
Consider t h e  
The above i n t e g r a l  i s  evaluated by t h e  Gaussian quadrature rule having 
as i t s  weight funct ion on t h e  i n t e r v a l  (-1, +l): 
IT s i n 2  --(cos rnv -, mTI TI, q j )  
M+1 M + 1  G f ( C ,  r l ,  n - m = i  ,M j M+1 (16) 
Equation (16) shows t h a t  i f  G f n  results from us ing  I$-, p o i n t s ,  then  
i f  
Mn+l = 2M + 1 n 
Thus, fo r  example, one can obta in  t h e  r e s u l t  of  us ing  1 5  i n t e g r a t i o n  po in t s  by 
computing func t ion  values a t  only 8 po in t s  and using a l s o  t h e  r e s u l t  obtained 
with 7 points .  One would then  have t h e  r e s u l t s  o f  us ing  15 and 7 po in t s  (and 
hence information on t h e  convergence) wi th  only s l i g h t l y  more e f f o r t  than would 
be involved i n  obtaining t h e  answer f o r  1 5  po in t s  only.  
Now t h a t  t h e  method whereby s t a b i l i t y  can be  assured wi th  respec t  t o  
increasing t h e  number of  spanwise i n t e g r a t i o n  poin ts  (as exemplified by eq.  
(14) 
has been discussed,  it i s  appropr ia te  t o  consider  how t o  minimize t h e  t o t a l  
e r r o r  for  a f ixed  number of spanwise i n t e g r a t i o n  po in t s  while  holding t h e  t o t a l  
number of i n t e g r a t i o n  po in t s  constant .  I n  doing t h i s ,  some crude approxima- 
t i o n s  must be  introduced. However, t h e  equat ions represent ing  t h e  approxima- 
t i o n s  w i l l  be  e l iminated s o  t h a t  t h e  results w i l l  be  e s s e n t i a l l y  independent of 
them. The only e f f e c t  of  t h e  approximations would be  t o  c o n t r o l  t h e  t o t a l  num- 
b e r  o f  in tegra t ion  poin ts  used i n  obta in ing  t h e  downwash va lues ,  t h a t  i s ,  t h e  
procedure may not ac tua l ly  be  f u l l y  optimized, b u t  t h e  r e s u l t s  w i l l  be 
accurate .  
and t h e  method f o r  con t ro l l i ng  t h e  accuracy of t h e  chordwise i n t e g r a t i o n  
8 
The app l i ca t ion  of equation (11) gives 
The right-hand s i d e  i s  t o  be  minimized w i t h  respec t  t o  v a r i a t i o n s  of t h e  mmber 
of chordwise po in t s  used a t  each s t a t i o n ,  M j ,  sub jec t  t o  t h e  cons t r a in t  t h a t  
t h e  t o t a l  number of i n t e g r a t i o n  poin ts  used be cons t an t ,  t h a t  i s ,  
j 
M =  M 
j=l ,J 
should be  constant.  Lagrange's m u l t i p l i e r  method gives t h e  following equations 
f o r  M : 
j 
( 2 0 )  
Here t h e  approximation previously discussed i s  introduced, namely, 
J 
where q , r  = constants > 0. It i s  only reasonable t h a t  6Gf decrease as M 
increases .  The e f f e c t  of b j  on t h e  e r r o r  occurs because t h e  e r r o r  obtained 
with a given number of chordwise in t eg ra t ion  po in t s  increases  wi th  decreasing 
d i s t ance  of t h e  con t ro l  po in t  from t h e  in t eg ra t ion  poin t  due t o  t h e  na ture  of 
K i n  equation ( 2 )  and f i g u r e  5. The 
quadrature weights b j  a l s o  inc rease  
in  magnitude as t h e  i n t e g r a t i o n  po in t  
approaches t h e  con t ro l  po in t .  Thus , 
Ibj I 
e f f e c t  (even though it may be  impre- 
i s  a measure of t h i s  d i s t ance  
c i s e )  and t h i s  expla ins  i t s  appear- 
ance i n  equation (21). 
I 
The use of equation (21) i n  ( 2 0 )  
I 
.? . 5 -  w 
w 
I Y  
02  -I 0 I 2 
~ 
E' E then gives 
- const 
Figure 5.- I l l u s t r a t i o n  of t h e  discon- 
t i n u i t y  of t h e  func t ion  (eqs. (2)  
and (Alb)).  
Ib I 
r+l 
I M j  I 
using equat ion (21) again  gives 
y. 
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The values of q and r have not been sepa ra t e ly  s tud ied ,  only t h e i r  combina- 
t i o n  as given i n  equation (22 ) .  A value of  1 / 2  (values  of 0 ,  1/2, and 1 were 
used) gives t h e  most accura te  answers f o r  a given t o t a l  number of  i n t e g r a t i o n  
po in t s .  
A t  t h i s  po in t  it would be b e n e f i c i a l  t o  summarize t h e  concepts presented 
thus f a r :  
(1) The chordwise i n t e g r a l  i s  done wi th  an increas ing  number of chordwise 
poin ts  using nes ted  quadrature  r u l e s  f o r  e f f i c i e n c y  u n t i l  t h e  r e s u l t i n g  d i f f e r -  
ences are l e s s  than  a prescr ibed  value,  6 .  
ber spanwise, 6 i s  taken t o  be  inve r se ly  propor t iona l  t o  t h e  square root  of 
t h e  absolute  va lue  of t h e  assoc ia ted  quadrature  weight. 
( 3 )  For convergence wi th  respec t  t o  t h e  number of  spanwise i n t e g r a t i o n  
poin ts  , 6 
( 2 )  To use t h e  fewest t o t a l  number o f  i n t e g r a t i o n  po in t s  f o r  a given num- 
i s  taken t o  be inve r se ly  propor t iona l  t o  (J+1)2, thus  
6 ,  
- U  
A =  ( 2 3 )  
Note t h a t  t h e  e r r o r  involved i n  applying t h i s  procedure i s  h ighly  indepen- 
dent of  any s p e c i f i c  planform. The e f f e c t  o f  planform changes i s  t o  change t h e  
number of  chordwise i n t e g r a t i o n  po in t s  needed t o  a c t u a l l y  achieve t h e  6 given 
by equation ( 2 3 )  and t o  change t h e  number of  spanwise i n t e g r a t i o n  po in t s  needed 
t o  make equation (11) an accura te  approximation of  equation (10). It i s  there-  
f o r e  possible  t o  p re sc r ibe  6 0  f o r  a l l  planforms, leav ing  J as t h e  only 
parameter t h a t  must be  varied t o  account f o r  planform changes. 
s i n c e  it i s  poss ib le  t o  n e s t  t h e  spanwise quadrature r u l e s  i n  a manner similar 
t o  t h a t  used i n  t h e  chordwise i n t e g r a t i o n ,  downwash modes computed with var ious 
values of J can be determined simultaneously.  This allows a r a p i d  determina- 
t i o n  of whether t h e  l a r g e s t  value of  J used w a s  s u f f i c i e n t l y  l a rge .  Thus, 
mul t ip l e  computer runs t o  assess  t h e  e f f e c t  of  J are usua l ly  unnecessary. 
Furthermore, 
ILLUSTRATIVE COMPUTATIONS AND COMPARISONS 
This method f o r  t r e a t i n g  p a r t i a l  span f l a p s  has been used wi th  an extended 
vers ion  of Wagner's l i f t i n g  su r face  computer program ( r e f .  6 )  t o  compute pres- 
su res ,  span loading,  and c o n t r o l  sur face  de r iva t ives  on var ious configurat ions.  
The primary extensions made t o  t h i s  program ( h e r e a f t e r  r e f e r r e d  t o  as WAGNG) 
were: (1) t o  allow use of an a r b i t r a r y  number of chordwise con t ro l  po in t s  ( D r .  
Wagner's extension) and ( 2 )  t o  allow use of an a r b i t r a r y  downwash d i s t r i b u t i o n .  
I n  t h i s  program, a t o t a l  of  N l a t e ra l  c o n t r o l  l i n e s  are placed on t h e  wing 
leading  and t r a i l i n g  edges and a t  t h e  chordwise loca t ions  (given by eq. (A1211 
and M streamwise con t ro l  l i n e s  are d i s t r i b u t e d  at t h e  Multhopp loca t ions  
(given by nm of eq. ( 5 ) ) .  The i n t e r s e c t i o n s  of t h e s e  l i n e s  are t h e  con t ro l  
po in t s ,  where t h e  boundary condi t ions are enforced. The number of con t ro l  
po in t s  i s  
number of unknowns t o  about h a l f  t h a t  value.  Before d iscuss ing  any f i n a l  
r e s u l t s ,  however, t h e  charac te r  o f  t h e  r e s i d u a l  downwash should be examined. 
N x M ,  bu t  symmetry or antisymmetry i s  used t o  reduce t h e  a c t u a l  
Aspect ro t io=4.000 
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Figure 7.- Chordwise d i s t r i b u t i o n  of 
given and r e s idua l  downwash a t  Figure 6.- Rela t ive  dimensions of  t he  
wing t e s t e d  i n  re ference  1 2 .  = 0.4457. 
Figure 6 shows t h e  planform of a wing ( r e f .  1 2 )  f o r  which de ta i l ed  compu- 
t a t i o n s  of t h e  r e s i d u a l  downwash were performed. A chordwise d i s t r i b u t i o n  of  
t h e  given downwash, a ,  and t h e  r e s idua l  downwash, a-cxf, a r e  shown i n  f igu re  7. 
Note t h a t  has  a discontinuous der iva t ive  a t  t h e  hinge l i n e  which could 
probably be  el iminated,  but  t he  d i s t r ibu t ion  i s  f e l t  t o  be smooth enough f o r  
most purposes. Within 1-percent c of t h e  hinge l l n e ,  q cannot be ca l cu la t ed  
accura te ly  wi th  t h e  present  computer program because of  a l i m i t a t i o n  on t h e  
m a x i m u m  number of spanwise in t eg ra t ion  points (543) .  
con t ro l  s t a t i o n s  can be  chosen t o  avoid the necess i ty  of computing i n  t h i s  
reg ion ,  however. A s  shown i n  reference 1 3 ,  t h e r e  are similar regions near ,  b u t  
excluding, t h e  wing edges. 
caused no problem f o r  
allowed by WAGNG). 
s e v e r a l  values  of N and corresponding values of "-af given t o  t h e  l i f t i n g  
su r face  program. 
a-af 
The number of chordwise 
The l a t t e r  regions are s m a l l  enough t h a t  they  have 
N < 9 ( t h e  m a x i m u m  number of chordwise con t ro l  s t a t i o n s  
Figure 7 a l s o  shows the chordwise con t ro l  s t a t i o n s  used f o r  
Spanwise d i s t r i b u t i o n s  of a and a-af a r e  shown i n  f i g u r e  8. The discon- 
t i z u i t i e s  In +Le uIIc d e r iva t ive  of u-gf a t  the s i d e  edges could prcbzbly b e  
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Figure 8.-  Spanwise d i s t r i b u t i o n  of 
given and r e s idua l  downwashes a t  
e l iminated a l s o  b u t ,  again,  it i s  f e l t  
t h a t  t h i s  d i s t r i b u t i o n  i s  smooth enough 
f o r  p r a c t i c a l  purposes. This f i g u r e  
a l s o  shows t h e  s i n g u l a r i t y  i n  downwash 
which w i l l  genera l ly  occur a t  any sta- 
t i o n  f o r  which t h e  l o c a l  sweep angle  
changes abrupt ly  ( i n  t h i s  case ,  a t  
rl = 0 ) .  This s i n g u l a r i t y  occurs f o r  
t h e  r egu la r  pressure  modes (eq.  (4) 
a l s o  and t h e  only way it has been e l i m -  
i na t ed  i s  by introducing a r t i f i c i a l  
rounding t o  t h e  planform. However, i f  
con t ro l  po in t s  a r e  not placed a t  or 
very near  t h i s  po in t ,  no se r ious  d i f f i -  
c u l t i e s  seem t o  ar ise  and, apparent ly ,  
t h e  use of rounding i s  unnecessary. 
This i s  t h e  approach t h a t  has been used 
here .  
of a-af a c t u a l l y  used i n  WAGNG f o r  
t h e  fou r th  ( N  = 5 )  chordwise con t ro l  
s t a t i o n  (x / c  = 0.8536) a t  t h e  8 span- 
w i s e  c o n t r o l  s t a t i o n s  used f o r  M = 16. 
Figure 8 a l s o  shows t h e  values  
Chordwise r e s i d u a l  pressure  d i s t r i -  
bu t ions  ca l cu la t ed  by WAGNG from a-af 
are shown i n  f i g u r e  9 f o r  M = 16 and 
N = 5 ,  6 ,  and 7. The d i f f e rences  are 
minor and support  t h e  previous state- 
ment t h a t  e l imina t ing  t h e  discontinuous 
d e r i v a t i v e  of a-af i s  not  necessary 
f o r  p r a c t i c a l  purposes. 
Calculated and experiment a1 
r e s u l t s  are compared i n  f i g u r e  10 .  The 
constant  pressure  pane l  c a l c u l a t i o n  w a s  
performed by Ralph Carmichael of Ames 
Research Center us ing  a vers ion  of t h e  
the  chordwise s t a t i o n  x/c  = 0.8536. Ames Wing-Body Computer Program ( r e f .  
1 4 ) .  Two-hundred panels  of unknown 
N = 5 and thus  40 
s t r e n g t h  were used on t h e  semispan. N = 7 and M = 16 used 56 
unknowns (although a comparable r e s u l t  w a s  obtained wi th  
unknowns). The t h e o r e t i c a l  r e s u l t s  agree reasonably w e l l  wi th  experiment 
except aft of  t h e  hinge l i n e ,  where t h e  inf luence  of v i s c o s i t y  i s  s t rong .  
WAGNG with 
Figure 11 shows a p red ic t ed  s e c t i o n  lift c o e f f i c i e n t  d i s t r i b u t i o n  f o r  a 
l o o  f l a p  def lec t ion  on an 
mental values and values p red ic t ed  by a vor tex  l a t t i c e  method f o r  a nea r ly  
i d e n t i c a l  wing ( r e f .  1 5 ) .  
small, but both d i f f e r  considerably from t h e  experimental  values .  
suggests  t ha t  a poss ib le  reason f o r  t h i s  may be  separa ted  flow s i n c e  t h e  d a t a  
were taken a t  a wing angle of a t t a c k  of 10' and thus  t h e  f l a p  w a s  a c t u a l l y  at 
20° incidence. 
AR = 8.56 swept wing. 
The d i f f e rence  between t h e  t h e o r e t i c a l  methods i s  
It i s  compared wi th  experi-  
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Figure 9.- Comparison of residual 
chordwise pressure distributions 
calculated by the Wagner computer 
program from the residual downwash 
a - af; rl = 0.4457. 
Figure 10.- Comparison of experimental 
and calculated lifting pressure 
distributions on a swept wing with 
partial span flap; M = 0.6, q = 0.46. 
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Figure 12.-  Comparison of pred ic ted  
and experimental ACL f o r  a 60' 
d e l t a  wing. Figure 13.- wing t e s t e d  i n  r e fe rence  17. 
A t h i r d  comparison is  given i n  f i g u r e  1 2 ,  where ACL induced by f l a p  
N = 7 ,  wi th  t h e  p red ic t ed  s lope  
def lec t ion  on a 60° d e l t a  wing i s  shown as a func t ion  o f  angle  of a t t ack .  
s u f f i c i e n t l y  accura te  answer w a s  obtained wi th  
only 3 percent above t h e  experimental  value ( r e f .  16) .  This c lose  agreement, 
however, may not be t h e  result of a good theory ,  bu t  more l i k e l y  because t h e  
theory ignores t h e  presence of  t h e  fuselage', which a c t s  somewhat as a r e f l ec -  
t i o n  plane and thus  would t end  t o  increase  
apparent in  t h e  next comparison. 
A 
CL6. This  phenomenon i s  a l s o  
Figure 13 shows t h e  planform o f  t h i s  next example ( re f .  17). The Mach 
number var ia t ions  of t h e  p red ic t ed  and experimental  con t ro l  su r f ace  de r iva t ives  , 
14 
CL& , CH& , and Ckg , a r e  shown i n  f igu res  1 4  through 16,  r e spec t ive ly  ( t h e  theory 
i s  i n v a l i d  a t  M = 0.9, however, s ince  t h i s  i s  above t h e  c r i t i c a l  Mach number). 
The t e r m  CL i s  a c t u a l l y  underpredicted by 5 percent ( 8  x 24 c o n t r o l  po in ts  6 
a t  M = 0.6) , which, as mentioned above, r e s u l t s  from not accounting f o r  t h e  
in t e r f e rence  of t h e  fmelage .  The term i s  overpredic ted  by 1; percent 
(?4 = 0.6) .  Had t h e  body ln t e r f e rence  bee?&coxcted for, t h e  discrepancy xight 
have been g r e a t e r ;  t h i s  discrepancy i s  large (and expected) s ince  depends 
only on t h e  l i f t i n g  pressure  i n  t h e  region most adversely a f f e c t e d  by v i s c o s i t y .  
The r o l l i n g  moment de r iva t ive ,  C k g ,  i s  underpredicted by 6.5 percent ( M  = 0.6) .  
C H ~  
The comparisons presented he re  indicate  t h a t  t h e  present  method can pre- 
d i c t  wi th  reasonable accuracy f e a t u r e s  of the flow about wings with de f l ec t ed  
c o n t r o l  sur faces .  However, t h i s  l i nea r i zed  theory  w i l l  f a i l  when t h e r e  i s  
separa ted  flow, and t h i s  happens more readi ly  when a c o n t r o l  su r f ace  i s  
de f l ec t ed .  Consequently, t h e  method should be  used with d iscr imina t ion .  The 
comparisons a l s o  i n d i c a t e  t h a t  f i n i t e  element methods can p r e d i c t  'flow f e a t u r e s  
for t h i s  type of configuration. However, a method of t h e  present  type  ( i . e . ,  
employing continuous loading func t ions )  can be made more economical s ince  far 
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Figure 14.- Variation of control 
surface lift effectiveness with 
Mach number (symmetric deflection 
of two surfaces). 
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Figure 16.-  Variat ion of cont ro l  sur face  r o l l i n g  moment e f f ec t iveness  with 
Mach number (antisymmetric de f l ec t ion  of two su r faces ) .  
CONCLUDING REMARKS 
The governing i n t e g r a l  equation of l i n e a r i z e d ,  s teady l i f t i n g  sur face  
It w a s  pointed out  t h a t  t o  t r e a t  
theory was examined and a s tandard method f o r  so lv ing  i t ,  based on i n f i n i t e  
aspect r a t i o  theory,  was b r i e f l y  reviewed. 
t h e  p a r t i a l  span f l a p ,  one should not proceed s i m i l a r l y  from t h e  corresponding 
i n f i n i t e  aspect r a t i o  theory b u t  r a t h e r  use a three-dimensional l o c a l  so lu t ion  
( r e f .  1) because only t h e  l a t t e r  can r e l i a b l y  represent  t h e  pressure  d i s t r ibu -  
t i o n  near  t he  con t ro l  sur face  corner.  This l o c a l  s o l u t i o n  w a s  incorporated 
with an ex is t ing  l i f t i n g  sur face  program t o  obta in  a complete solu+.ion t o  t h e  
problem. 
Next a b a s i c  procedure f o r  performing t h e  numerical quadratures requi red  
w a s  derived. 
sur face  pressure mode w a s  being used, so  they  a c t u a l l y  b e a r  a d i r e c t  s i g n i f i -  
cance t o  l i f t i n g  sur face  theory i n  general .  It w a s  determined how i n s t a b i l i -  
t i e s  i n  the spanwise in t eg ra t ion  occur if t h e  chordwise and spanwise in tegra-  
t i o n  procedures a r e  not coupled. The manner i n  which t h e  i n t e g r a t i o n  procedure 
should be r e l a t e d  required t h e  chordwise i n t e g r a t i o n  t o  b e  performed wi th  a 
spec i f i ed  accuracy, depending on t h e  spanwise i n t e g r a t i o n  and con t ro l  s t a t i o n s .  
It was indicated t h a t  t h e  usua l  procedures w e  necessa r i ly  i n e f f i c i e n t  i n  
a t t a i n i n g  t h e  required accuracy. A new method w a s  introduced which i s  more 
The r e s u l t s  were i n  no way r e l a t e d  t o  t h e  f a c t  t h a t  a con t ro l  
16 
e f f i c i e n t  because it does not compute t o  a g rea t e r  accuracy than  needed and, 
furthermore, because it uses t h e  concept of "nested1' quadrature r u l e s .  
Following t h e  discussion of the  quadrature procedures, i l l u s t r a t i v e  compu- 
t a t i o n s  and comparisons with experiments were discussed. The na ture  of t h e  
con t ro l  surface doviwash node w a s  shown t o  be such t h a t  the  discont inGity i n  
t h e  given du,cwask: cmdd be preperly e l in ina t ed ,  h x t  C i s  continuous de r iva t ives  
remained. Calculated examples showed, however, t h a t  these  i r r e g u l a r i t i e s  a r e  
s u f f i c i e n t l y  weak s o  as not t o  c o n s t i t u t e  a real  problem. 
w a s  demonstrated t o  be  an e f f e c t i v e ,  accurate s o l u t i o n  t o  t h e  i n t e g r a l  equation. 
However, i n  some cases t h e r e  were r a t h e r  large discrepancies  with experiments. 
This w a s  not  unexpected. The p r inc ipa l  causes were v i scos i ty  and t h e  neglect  
of body and thickness  in t e r f e rence  e f f e c t s .  Also, another poss ib le  source of 
discrepancy i s  t h e  gap between t h e  con t ro l  sur face  s i d e  edges and t h e  wing due 
t o  t h e  con t ro l  su r f ace ' s  def lec t ion .  This gap i s  not accounted f o r  i n  t h e  
theory.  
The method presented 
Ames Research Center 
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APPENDIX A 
FORM OF THE FLAP PRESSURE MODE AND CHORDWISE INTEGRATION 
The f l ap  downwash mode i s  given by 
This can be put i n  a more convenient form by t h e  use of  t h e  following 
t r a n s  format ions : 
then  
( A l a )  
where 
Expressions f o r  ACp were given b y  Landahl and extended by Ashley ( r e f .  18) t o  t h e  case of a swept f l ap .  
de f l ec t ion )  has  been adapted from t h e s e  references with a co r rec t ion  made t o  
proper ly  account f o r  t h e  f l a p  edges : 
The expression given below ( f o r  u n i t  f l a p  
18 
-2 cos x 
C AC = F(x '  ,n' ) Q n  
1rJl-M2 cos2Xc 
where 
The funct ion 
must introduce t h e  cor rec t  edge behavior on t h e  per iphery of  t h e  planform (ref.  
l), b u t  i s  otherwise a r b i t r a r y .  
F (x ' , n ' )  must a t t a i n  a value of 1.0 on t h e  f l a p  hinge l i n e  and 




Combining equations (A3) and ( A h )  y ie lds  
A s  i nd ica t ed  previously,  t h e  funct ion Hf may have t o  be ca l cu la t ed  very 
accura te ly  and it i s  t o  be ca lcu la ted  by t'ne following Gaussian quadrature 
r u l e  : 
where 
j.rr (A6b J+1 x = cos j 
For equation (A6a) t o  be accurate ,  the func t ion  
xc when Y 1  and Y 2  are of opposi te  
g ( x ' )  should be  able  t o  
be expressed accura te ly  as a polynomial of degree l e s s  than  25. Accordingly, 
t h e  logari thmic s i n g u l a r i t y  of 
s i g n  or when Y1 or Y2 i s  zero must be eliminated o r  a t  l e a s t  sof tened.  Simi- 
l a r l y ,  t h e  d i scon t inu i ty  t h a t  K has at x' = x wheny = 0 must b e  sof tened.  
The former has been accomplished with t h e  following funct ion:  
g ( x ' )  at 
- 
which i s  not  s ingu la r  anywhere, bu t  has s ingu la r  der iva t ives  at x '  = ?1 and 
X I  = xc,  but t h e s e  a r e  much less se r ious .  
by 
The inf luence f h c t i o n  i s  then  given 
a x - x c  ,o) X 
m g ( x ' ) a x  + {same as i n  (A8) . . . I  
H f =I 1-x 2 




[(x'-x;)2+y; - ;j ax' 
4 X f - X  )2+y2 - 
= -  
j = 1  ,J J J+1 
+ ( 3-x2-x' x -x t2)  Rn 
2 C C 1-x 
C 
When y = 0 and 1x1 # 1, t h e r e  i s  a d i scon t inu i ty  wi th in  the  in t eg ra t ion  
i n t e r v a l  ( f i g .  5 ) .  
for H f :  
The previous procedure leads  t o  t h e  following expression 
The numerical i n t eg ra t ion  i s  accomplished by s u b s t i t u t i n g  
x '  < x g ( x ' )  - ; ( X I  - ( X ' - X ) Z ' ( X )  - g(x '  ) = {  
x '  2 x 0 
This funct ion i s  s u i t a b l y  smooth t o  b e  in t eg ra t ed  by t h e  Gaussian 
quadrature method, r e s u l t i n g  i n :  
(A10 
I n  t h e  above formula, no te  t h a t  t h e  summation need not be  performed f o r  x > x 
and t h a t  j -  'g(x) = E ' ( . )  = 0 i f  x < x , 
C 
t h e  
5 ) .  
A question deserving cons idera t ion  i s  whether t h e r e  i s  a b e s t  choice f o r  
number of quadrature poin ts  , J. Consider t h e  func t ion  ~ ( x - x '  ,y> ( s e e  f i g .  
For s m a l l  values of 
- 
y ,  K(x-x',y) i s  near ly  discontinuous a t  x-x' = 0 ,  
where it a t t a i n s  an average value. It seems obvious t h a t  an i n t e g r a t i o n  po in t  
a t  x '  = x would be des i r ab le  s ince  some of t h e  e r r o r s  could then  be made t o  
cancel.  
s m a l l  Y) t h e  c o n t r o l  po in t s  at  x 21 and 
The l i f t i n g  su r face  program wi th  which t h i s  method i s  used has ( f o r  
p" p = 1,2,. . ., N-2 (A12) N-1 x z? cos 
From equation (A6b), t hen ,  appropriate values f o r  J would be  
J = (N+lIk - 1 (A131 
where k i s  any in t ege r .  
A f i n a l  po in t  t o  mention i s  t h a t  t h e  procedures given f o r  determining 
H f ( S , n , n ' )  may a l s o  be used t o  determine the f l a p  pressure  mode con t r ibu t ion  t o  
t h e  s e c t i o n  c o e f f i c i e n t s  of l i f t  and p i tch ing  moment about t h e  quarter-chord 
merely by r ep lac ing  K with 1 and T.rith XI-0.5, r e spec t ive ly .  For t h i s  compu- 




CORRECTIONS FOR THE LOGARITHMIC SINGULARITY AND OTHER SINGULARITIES 
I N  THE SPANWISE INTEGRAL 
The spanwise i n t e g r a l  f o r  t h e  f l a p  downwash mode contains a f a c t o r  of t h e  
I form 
where h ( x ' ¶ r l ' )  i s  a funct ion t h a t  behaves as near t he  end poin ts  and 
t h a t  may have a logarithmic s ingu la r i ty .  
of x '  = x it i s  a regular  funct ion.  By developing h ( x ' , q l )  i n  a Taylor 
s e r i e s  it can be shown t h a t  
der iva t ive .  Only t h e  cont r ibu t ion  i n  t h e  v i c i n i t y  of x t  = x need be  
considered : 
Assume, however, t h a t  i n  t h e  v i c i n i t y  
H ( C 9 r l , n ' )  has a logar i thmica l ly  s ingu la r  second 
X 5 6  
x-x' h (x '  , r l '  dx' + a regular  pa r t  I J(x-x')2 + y2 H ( C , n , r l ' )  = 
X- 6 
+ a regular  p a r t  
-X & + a regu la r  p a r t  
-6 
+ a regular  p a r t  + lower-order s i n g u l a r i t i e s  
(x ,q ' )y2 k n l ~ l  + a regu la r  p a r t  - ah ax' - - -  
+ lower-order s i n g u l a r i t i e s  
+ lower-order s i n g u l a r i t i e s  (B2) 
The f ac to r  ( ~ I - T I ' ) ~  i s  cancel led by i t s  r ec ip roca l  i n  t h e  spanwise i n t e -  
g r a l ,  leaving a logari thmic s i n g u l a r i t y .  
r egu la r  downwash modes and w a s  recognized by Multhopp ( r e f .  2) , who devised a 
method t o  cor rec t  f o r  it. Subsequently, Mangler and Spencer (ref.  19) i n t ro -  
duced a be t t e r  method and Garner ( r e f .  20) i l l u s t r a t e d  t h e  importance of  t h i s  
correct ion.  
This s i n g u l a r i t y  a l s o  e x i s t s  f o r  t h e  
This method of co r rec t ing  fo r  t h e  logari thmic s i n g u l a r i t y  has been 
22 
used f o r  t h e  f l a p  pressure  mode and i s  reproduced here.  
t a n t  terms a re  r e t a ined  ( i . e . ,  (ah /ax ' ) (x , r l ' )  and c ( n ' )  a r e  replaced by 
(ah/ax)(x,r l )  and c ( n ) ) .  
s ingu la r  p a r t ;  accordingly,  it i s  mult ipl ied by t h e  f a c t o r  
s i n g u l a r i t y  i s  then  added and subt rac ted  from t h e  integrand,  giving t h e  follow- 
iDg expression for t h e  f l a p  downwash mode: 
Only t h e  most impor- 
The proper edge behavior m u s t  be  introduced i n t o  t h e  
-/-. The 
The bracketed term w i l l  not contain a logari thmic s i n g u l a r i t y  and i s  in te -  
gra ted  numerically by Multhopp's i n t eg ra t ion  formula. The i n t e g r a l  i n  t h e  last  
term has been done a n a l y t i c a l l y  i n  reference 20: 
I 1  
The expression f o r  h ( x '  , r l '  ) is 
r 1 
which, when combined wi th  equations (B3)  and ( B h ) ,  w i l l  y i e l d  t h e  f i n a l  form of  
t h e  equation f o r  t h e  f l a p  mode of pressure f o r  an i n t e r i o r  con t ro l  point .  
a cont ro l  po in t  on a wing leading edge (x' = -1) or t r a i l i n g  edge ( x '  = +I), 
however , ah/ax' 
be  developed i n  a Taylor s e r i e s .  
For 
h ( x '  , n '  ) can becomes i n f i n i t e ,  v io l a t ing  t h e  assumption t h a t  
The appropr ia te  approach i n  e i t h e r  instance i s  t o  r e t a i n  t h e  square-root 
behavior i n  t h e  chordwise i n t e g r a l  and t o  develop t h e  remainder of t h e  func t ion  
h ( x '  ,n') i n  a Taylor s e r i e s  about t h e  leading- or t ra i l ing-edge  poin t .  
approach w a s  used by Jordan ( r e f .  2 1 )  for regular  pressure  modes. When appl ied  
t o  t h e  f l a p  pressure  modes, t h e  following expression has  been der ived f o r  t h e  





A H ~ ( c , ~ , $ )  = - l6 Rn 
where 
t h a t  - r /2  < A g e  < + ~ / 2  and A g e  > 0 on t h a t  s i d e  of t h e  con t ro l  po in t  f o r  which 
t h e  edge sweeps forward. The leading-edge sweep angle  i s  o f  t h e  opposi te  s i g n  
on t h e  other s i d e  (assuming no kink i n  thc  lead ing  edge).  
A t e  i s  t h e  leading-edge sweep angle at t h e  con t ro l  po in t  def ined s o  
The corresponding 
4 1 - x  C )2+Yf - Y1 I 3 / 2  
where 
(B7b 1 1 m = - ( l - s i n '  ) t e  2 t e  
The t e r m  A t e  i s  def ined as f o r  t h e  lead ing  edge. Note t h a t  i n  e i t h e r  
case t h e  parameter, m ,  of  t h e  e l l i p t i c  i n t e g r a l s  changes on pass ing  from one 
s ide  of  the con t ro l  po in t  t o  t h e  o the r  (more p rec i se ly ,  i f  
r l '  > rl , then 1-m+ i s  t h e  value f o r  r l '  < rl i f  t h e r e  i s  no kink at r l '  = TI). 
A s  i n  the  case o f  i n t e r i o r  po in t s ,  t h i s  i r r e g u l a r i t y  i s ,  af ' ter  in t roducing  t h e  
f a c t o r  -/- t o  account f o r  t h e  edge behavior ,  simultaneously added 
and subt rac ted  from t h e  integrand,  leav ing  a p a r t  t o  i n t e g r a t e  a n a l y t i c a l l y  and 
a smoother p a r t  t o  i n t e g r a t e  numerically.  
i s  ac tua l ly  t h e  lead ing  term, s o  t h e  spanwise i n t e g r a l  does not  have t h e  
second-order po le ,  bu t  r a t h e r  one of  order  -1/2. After t h i s  i s  e l imina ted  by 
adding and sub t r ac t ing  t h e  i r r e g u l a r  p a r t  (eq.  ( B 6 a ) ) ,  t h e  lead ing  term of t h e  
integrand i n  the  v i c i n i t y  of r l '  = rl would be  a constant  followed by terms of  
order  1/2, 1, e t c .  
used f o r  t h i s  i n t eg ra t ion .  
m+ i s  t h e  value f o r  
A t  t h e  lead ing  edge, equation (B6a)  
Multhopp's i n t e g r a t i o n  formula may s t i l l  be  conveniently 
The i n t e g r a l  f o r  t h e  lead ing  edge i s  thus  
(equat ion continued on t h e  fol lowing page) 
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The bracketed term i s  not s ingular  and i s  computed using Multhopp's formula. 
The l a s t  term, computed a n a l y t i c a l l y ,  is a l so  expressed i n  terms of e l l i p t i c  
i n t eg ra l s :  
(B9b ) l + r l  2 m = -  
where 
Therefore,  for  t h e  leading edge, 
25 
For t h e  t r a i l i n g  edge, 
It i s  important t o  note t h a t  values f o r  xc, y1,  y2, +lie, and + 
ing  i n  the above equations a r e  t o  be evaluated a t  t h e  con t ro l  p o i n t ,  rl. An 
appropriate  question might be: "How important a r e  t h e s e  cor rec t ions?"  The 
answer i s  supplied by f igu res  17(a)  through ( e ) ,  which show downwash values cal-  
cu la ted  for various poln ts  on a sample wing f o r  various numbers of  spanwise 
in tegra t ion  poin ts ,  J. 
these  cor rec t ions ,  a t  l e a s t  when Multhopp's i n t eg ra t ion  formula i s  used. 
o the r  i n t eg ra t ion  procedures ( i . e . ,  t h e  zonal scheme of Watkins e t  a l .  ( r e f .  
2 2 ) ) ,  t h i s  method of  cor rec t ion  could a l s o  be appl ied.  Although it i s  not 
known how important t h e  cor rec t ions  would b e ,  it seems, i n  view of how w e l l  
they worked f o r  Multhopp's method, t h a t  they  could be  s i g n i f i c a n t l y  worthwhile. 
Figure 17  a l s o  shows how c lose  An appropr ia te  num- 
b e r  t o  compare these  values with i s  1, s ince  t h e  f l a p  pressure  mode produces a 
d iscont inui ty  of magnitude 1. 
f o r  a l l  points ,  except f o r  t h e  one which i s  only 1 . 4  percent  c 
hinge l i ne .  
i ng  af(S,rl)  f o r  t h e  l i f t i n g  su r face  program, however, N 
a l l  or most of the  co l loca t ion  poin ts  a r e  not s o  near  t h e  hinge l i n e .  
spanwise cont ro l  point  pos i t i ons  a re  chosen s o  t h a t  they  a r e  not near t h e  s i d e  
edges of the  cont ro l  surface.  
appear- t e  
These graphs c l e a r l y  show t h a t  it i s  important t o  use 
For 
af(E,n) can be predic ted .  
For J = 191, t h e  e r r o r  i s  l e s s  than  0.3 percent  
behind t h e  
When comput- 
can be chosen so  t h a t  
The 
The e r r o r  f o r  t h i s  po in t  i s  approximately 6 percent .  
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Figure 17.- Concluded. 
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